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CONSTANT µ-SCALAR CURVATURE KA¨HLER METRIC -
FORMULATION AND FOUNDATIONAL RESULTS
EIJI INOUE
Abstract. We introduce µ-scalar curvature for a Ka¨hler metric with a mo-
ment map µ and start up a study on constant µ-scalar curvature Ka¨hler metric
as a generalization of both cscK metric and Ka¨hler-Ricci soliton and as a con-
tinuity path to extremal metric. We study some fundamental constraints to
the existence of constant µ-scalar curvature Ka¨hler metric by investigating a
volume functional as a generalization of Tian-Zhu’s work, which is closely re-
lated to Perelman’s W-functional. A new K-energy is studied as an approach
to the uniqueness problem of constant µ-scalar curvature and as a prelude to
new K-stability concept.
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1. Introduction
In this article, we propose a new type of scalar curvature of Ka¨hler metric, which
we call µ-scalar curvature, motivated by a version of Donaldson-Fujiki moment map
picture for a weighted measure eθξωn associated to a holomorphic vector field ξJ .
Here we simply begin with the definition of µ-scalar curvature and the main results
of this article.
Setup. Let X be a Ka¨hler manifold and ω be a Ka¨hler form on X . We call a
smooth real vector field ξ on X ∂¯-Hamiltonian with respect to ω if the complexified
vector field ξJ := Jξ +
√−1ξ is holomorphic (⇔ LξJ = 0) and iξJω is ∂¯-exact.
1
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Note that iξJω is ∂¯-closed for any holomorphic ξ
J . As ξJ is holomorphic, we
have iξJ (ω +
√−1∂∂¯φ) = iξJω +
√−1∂¯ξJφ, so that the ∂¯-Hamiltonian property
does not depend on the choice of the Ka¨hler form ω in the fixed Ka¨hler class [ω].
Moreover, it is known by [LS] that a vector field ξ preserving J on a compact Ka¨hler
manifold is ∂¯-Hamiltonian with respect to [ω] if and only if it has a fixed point,
thus in particular the ∂¯-Hamiltonian property is even independent of the Ka¨hler
class [ω]. We call a function θ satisfying
√−1∂¯θ = iξJω a ∂¯-Hamiltonian potential
with respect to ω, which is complex-valued in general. We call a ∂¯-Hamiltonian
vector field ξ properly ∂¯-Hamiltonian if ξ generates a closed torus, i.e., the closure
expRξ ⊂ Aut(X) is compact.
We define the µξ-scalar curvature sξ(ω) of a Ka¨hler metric ω and a ∂¯-Hamiltonian
vector ξ by
(1) sξ(ω) = (s(ω) + ¯θ) + (¯θ − ξ¯Jθ),
where θ is a ∂¯-Hamiltonian potential of ξ with respect to ω and s(ω) denotes the
Ka¨hlerian scalar curvature: s(ω) := −gkl¯∂k∂¯l log det g. We can take a real-valued
θ iff ω is ξ-invariant as
√−1(dReθ − JdImθ) = √−1∂¯θ − √−1∂¯θ = iξJ−ξ¯Jω =
2
√−1iξω. In this article, we only consider µξ-scalar curvature for a ξ-invariant
Ka¨hler metric ω, in particular the vector field ξ is properly ∂¯-Hamiltonian. Note
if θ is real-valued, it is ξ-invariant. In this case, the function ξ¯Jθ = ξJθ is also
real-valued.
A version of Donaldson-Fujiki moment map picture characterizes µ-scalar cur-
vature. As we will see it in section 2.1, here let us instead simply observe how the
individual terms of the µ-scalar curvature arise. The first term s(ω)+¯θ is just the
trace of the Bakry-Emery Ricci curvature Ric(ω)−√−1∂∂¯θ, which is well-studied
in Riemannian and metric measure geometry. The second term often arises as the
Lie derivative of the weighted measure:
LξJ (e
θωn) = −(¯θ − ξ¯Jθ)eθωn.
Another possible interpretation is that sξ(ω) is the trace of the following ‘complex
analogy of (m=1)-Bakry-Emery curvature’ for an integrable complex structure J :
Ric(ω) + 2
√−1∂∂¯θ −√−1∂θ ∧ ∂¯θ.
We can easily see that this (1, 1)-form does not change by simultaneously replacing
the equivariant form ω+ θ with ω˜+ θ˜ = c(ω+ θ) and ξ with ξ˜ = c−1ξ for a positive
constant c > 0, so that we have
sc−1ξ(cω) = c
−1sξ(ω)(2)
for every positive constant c > 0. (Note sξ(cω) 6= c−1sξ(ω) when ξ 6= 0. )
Next introducing a parameter λ ∈ R, we define the µλξ -scalar curvature of a
Ka¨hler metric ω by
(3) sλξ (ω) = (s(ω) + ¯θ) + (¯θ − ξ¯Jθ)− λθ.
We call a Ka¨hler metric has a constant µλξ -scalar curvature (µ
λ
ξ -cscK for short) if
sλξ (ω) is constant. (Note as we have Im(s
λ
ξ (ω)) = 2¯Imθ − λImθ, for λ ≤ 0 we
automatically obtain Lξω = 0 if s
λ
ξ (ω) is constant. ) We also call a Ka¨hler metric
has a constant µ-scalar curvature (µ-cscK for short) if it is a µλξ -cscK for some
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∂¯-Hamiltonian vector field ξ and some parameter λ ∈ R. We always assume the
ξ-invariance of the Ka¨hler metric ω in this article.
A cscK metric obviously gives an example of µ-cscK metric for ξ = 0 and every
λ. We will see in subsection 2.1.4 that a Ka¨hler-Ricci soliton Ric(ω)− LξJω = λω
gives an example of µλξ -cscK metric for λ > 0. If ω is a µ
λ
ξ -cscK metric, then ω˜ = cω
is a µλ˜
ξ˜
-cscK metric for ξ˜ := c−1ξ and λ˜ := c−1λ for any positive constant c > 0.
Main results. Now we collect the main results in this article. The first three results
are analogous to well-known foundational results on cscK metric and Ka¨hler-Ricci
soliton (cf. [Sze], [TZ]. [AS] is a good survey. ).
In the following, X denotes a compact Ka¨hler manifold. Let us firstly recall the
reduced automorphism group (cf. [Gau]). Put
(4) h0(X) := {ξ ∈ XR(X) | ξ is ∂¯-Hamiltonian. },
which is naturally a complex vector space by putting
√−1ξ := Jξ. Denote by
Aut0(X/Alb) the connected subgroup of the group Aut(X) of biholomorphisms
associated to h0(X). It is known by [LS] that h0(X) is the space of vector fields
tangent to the Jacobi map Ax : X → Alb(X), or equivalently, the space of vector
fields with non-empty zero set. This group Aut0(X/Alb) is called the reduced
automorphism group of X . Similarly, we put h0,ξ(X) := {ζ ∈ h0(X) | [ξ, ζ] = 0} for
a vector ξ ∈ h0(X) and denote by Aut0ξ(X/Alb) the connected subgroup of Aut(X)
associated to h0,ξ(X).
Note that for a line bundle L on X , the identity component Aut0(X,L) of
the group of biholomorphisms lifting to L is contained in the reduced automor-
phism group Aut0(X/Alb). Moreover, it is known that Aut0(X,L⊗n) coincides
with Aut0(X/Alb) for some positive integer n (because Aut0(X/Alb) is linear al-
gebraic). If X has no holomorphic 1-form, or equivalently b1(X) = 0, then the
reduced automorphism group Aut0(X/Alb) coincides with the identity component
Aut0(X) of the group of biholomorphisms of X .
Theorem A (Reductiveness). Suppose ω is a constant µλξ -scalar curvature Ka¨hler
metric on a compact Ka¨hler manifold X , then the group Aut0ξ(X/Alb) is the com-
plexification of the compact connected subgroup Hisom0ξ(X,ω) associated to the
Lie algebra of Hamiltonian Killing vector fields with respect to the µ-cscK metric
ω compatible with ξ, especially, it is reductive.
Moreover, when λ ≤ 0, it is maximally reductive (see Corollary 3.14) in Aut0(X/Alb).
When b1(X) = 0, we can replace Aut0ξ(X/Alb) by the identity component
Aut0ξ(X) of the group of biholomorphisms preserving ξ and Hisom
0
ξ(X,ω) by the
identity component Isom0ξ(X,ω) of the group of isometries preserving ξ.
Theorem B (µ-Futaki invariant and volume functional). Let X be a compact
Ka¨hler manifold, [ω] be a Ka¨hler class and ξ be a properly ∂¯-Hamiltonian vector
field on X . Then there is a C-linear functional Futλξ : h0(X) → C depending only
on the quadruple (X, [ω], ξ, λ) such that Futλξ vanishes when the Ka¨hler class [ω]
admits a constant µλξ -scalar curvature Ka¨hler metric.
Moreover, for any compact Lie subgroup K ⊂ Aut0(X/Alb) and λ ∈ R, there
always exists a vector ξ ∈ k such that Futλξ |kc vanishes, without assuming the
existsnce of µ-cscK.
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The last claim in the above is a partial generalization of a volume minimization
result in [TZ], except for the uniqueness. We will observe that for every X with
vanishing Futaki invariant such a vector ξ is indeed not unique for sufficiently large
λ. On the other hand, Corollary 3.14 could be thought as a partial evidence for the
uniqueness when λ ≤ 0, which is the case we are mainly interested in.
The following extension result generalizes the result of [Chen2] and should be
the first step for studying the uniqueness of µλξ -cscK and ‘µK-stability’.
Theorem C (µK-energy and geodesic). There is a functional Mλξ on the space
of smooth Ka¨hler metrics with a fixed Ka¨hler class such that the critical points of
Mλξ are precisely µλξ -cscK metrics and that Mλξ is convex along smooth geodesics.
Moreover, there is a canonical extension of this functional to the space H1,1ω,ξ of
ξ-invariant sub-Ka¨hler metrics with C1,1-potentials. Here a sub-Ka¨hler metric with
C1,1-potentials is a (1, 1)-form ωφ = ω +
√−1∂∂¯φ with L∞-coefficients given by a
smooth Ka¨hler metric ω and a C1,1-smooth ω-psh function φ, i.e., it satisfies ωφ ≥ 0
as a current.
The following result illustrates an intriguing aspect of µ-scalar curvature. Our
parameter λ can be thought as a continuity path connecting µ0-cscK metric (or
Ka¨hler-Ricci soliton) and extremal metric.
Theorem D (Behavior of K-optimal vectors). Fix a compact subgroup K ⊂
Aut0(X/Alb). Let {(ξi, λi) ∈ k × R} be a sequence satisfying Futλiξi |kc ≡ 0 and
λi → −∞. (Note such a sequence always exists by Theorem B. ) Then the sequence
λiξi ∈ k converges to the extremal vector ξext which is uniquely characterized by
the property
Fut−∞ξext (ζ) :=
∫
X
(
(s(ω)− s¯)− (θξext − θ¯ext)
)
θζω
n = 0
for every ζ ∈ k, where we put s¯ = ∫X s(ω)ωn/ ∫X ωn and θ¯ext := ∫X θξextωn/ ∫X ωn.
Moreover, if there are (K-invariant) µλiξi -cscK metrics ωi with a uniform C
3,α-
bound of the Ka¨hler potentials φi of ωi = ω+
√−1∂∂¯φi and a uniform lower bound
Cω ≤ ωi, then ωi converges to an extremal metric ωext on X .
Lastly, the following result gives us examples of µ-cscK metric which is neither
a cscK metric nor a Ka¨hler-Ricci soliton. The claim is analogous to a main result
in [LS].
Theorem E (Perturbation of Ka¨hler class). Let ω be a µλξ -cscK metric on a com-
pact Ka¨hler manifold X . Suppose we have λ < 2λ1 for the first eigenvalue λ1 > 0
of the operator ¯− ξJ (restricted to the space of ξ-invariant real-valued functions).
Then there exists a neighbourhood U of [ω] in the Ka¨hler cone and a positive ǫ > 0
such that for every Ka¨hler class [ω′] ∈ U and λ′ ∈ (λ− ǫ, λ+ ǫ) there exists a vector
ξ′ and a constant µλ
′
ξ′ -scalar curvature Ka¨hler metric ω
′
0 in the Ka¨hler class [ω
′].
Relation with Lahdili’s work. Just after uploading the first version of this article
on arXiv, the author was informed that the µ-scalar curvature is a special part
of weighted scalar curvature introduced in [Lah]. As there are some overlaps on
the results, especially on µK-energy, we collect them here. Proposition 4.2 in this
article should correspond to Theorem 5 in [Lah] and its corollary is mentioned in
Remark 4. Proposition 4.1 is also covered in the proof of Proposition 1 in his article.
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Proposition 3.1 corresponds to Proposition 2 in [Lah], but the statement is slightly
different. Computing with µ-Lichnerowicz operator, we can extend the domain of
Futλξ to h0(X) from the centralizer h0,ξ(X) of ξ, where the latter case is considered
in [Lah]. While it is natural to consider only a torus equivariant test configurations
to formulate weighted K-stability (or µK-stability), our slight deviation to non-
equivariant direction h0,ξ(X)
⊥ ⊂ h0(X) enables us to conclude the maximality
of Aut0ξ(X/Alb) ⊂ Aut0(X/Alb) among reductive subgroups in Aut0(X/Alb) for
X admitting a µλξ -cscK metric for some λ ≤ 0 (see Corollary 3.14). Lahdili also
considers a weighted Futaki invariant for smooth test configurations, which should
have an advantage towards an algebraic formulation of µK-stability (or weighted
K-stability) for general test configurations (cf. section 4.2). The materials in the
section 2.2, 3.2 and 5.2 of this article have different original flavors from these
overlaps.
Organization. In section 2.1, we explain a motivative interpretation of µ-scalar
curvature as a moment map. We observe in section 2.2 how µ-scalar curvature
is (at least potentially) connected to extremal metric, assuming some results in
section 3.2. We prove Theorem A in section 2.3 and check the first half of Theorem
B in section 3.1 using a formula obtained in section 2.3. The last half of Theorem
B is verified in section 3.2. We also prove Theorem D in this section, combining
with the observation in section 2.2. Theorem C is demonstrated in section 4.1. We
also present some naive stability notion which should fit into our ‘µ’-formulation
and would be refined in future studies. Finally, we prove Theorem E and obtain
non-trivial examples of µ-cscK metric.
Acknowledgement. I am grateful to my advisor Shigeharu Takayama for his con-
stant support. I am also grateful to Akito Futaki for some helpful comments. I
would like to thank Abdellah Lahdili and Ruadha´ı Dervan for informing me about
relation with Lahdili’s work on weighted scalar curvature, which is a far general-
ization of µ-scalar curvature. This work is supported by JSPS KAKENHI Grant
Number 18J22154 and the Program for Leading Graduate Schools, MEXT, Japan.
2. µ-scalar curvature
2.1. µ-scalar curvature and Donaldson-Fujiki picture. In this section, we fix
a symplectic structure ω on a smooth manifold M and a smooth vector field ξ
preserving ω and vary complex structures J and the parameter λ ∈ R.
In this setup, we can also consider all variation of Ka¨hler metrics on a fixed com-
plex manifold X = (M,J) and in a fixed Ka¨hler class as follows. Let ω′ be another
Ka¨hler metric on X in the Ka¨hler class [ω]. As tω′ + (1 − t)ω is nondegenerate
for all t ∈ [0, 1], we can apply Moser’s theorem to obtain a diffeomorphism φ of M
so that φ∗ω′ = ω. We obtain another ω-compatible complex structure φ∗J on M .
Conversely, if we have an ω-compatible complex structure J ′ which is biholomor-
phic to J via some diffeomorphism φ of M , i.e. J ′ = φ∗J , then we obtain another
Ka¨hler form ω′ := (φ−1)∗ω on X = (M,J). This gives a natural identification
of the space of Ka¨hler metrics in a fixed Ka¨hler class [ω] on a complex manifold
X = (M,J) with the quotient space
{J ′ ∈ J (M,ω) | (M,J ′) is biholomorphic to (M,J)}/Symp(M,ω).
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The leaf {J ′ ∈ J (M,ω) | (M,J ′) is biholomorphic to (M,J)} can be psychologi-
cally regarded as ‘the orbit of J by the complexified action of J (M,ω)x Symp(M,ω)’,
which enables us to interpret YTD-type conjecture as an infinite dimensional anal-
ogy of the finite dimensional Kempf-Ness theorem. (cf. [Don], [Sze]. )
2.1.1. Moment map. Let (M,ω) be a closed C∞-symplectic manifold. A smooth
vector field ξ on M preserves ω if and only if iξω is closed, as Lξω = diξω. Put
ham(M,ω) as
(5) ham(M,ω) := {ξ ∈ X(M) | iξω is exact },
which is a Lie subalgebra of the Lie algebra X(M) of smooth vector fields.
A smooth right action M x T by a Lie group T is called Hamiltonian if the
linearization t → X(M) factors through ham(M,ω). In this case, we have an
equivariant smooth map µ : M → t∗ satisfying −dµξ = iξω called a moment map,
where we consider the coadjoint action on t∗ and µξ is a real valued function on
M defined by µξ(x) := 〈µ(x), ξ〉. For two moment maps µ, µ′ with respect to the
same action and the same symplectic form ω, we know that µ − µ′ is constant as
d(µ − µ′) = 0 and moreover µ − µ′ ∈ (t∗)T = {ν ∈ t∗ | ν.t = ν for every t ∈ T }
by the equivariance of the maps. In other words, moment maps are unique modulo
(t∗)T . We will mainly consider an action by a closed real torus T ∼= (U(1))k and
have (t∗)T = t∗ in this case.
There is an associated element [ω + µ] ∈ H2T (M ;R) of the equivariant de Rham
cohomology. For another T -invariant symplectic form ω′ and a moment map µ′,
we have [ω + µ] = [ω′ + µ′] if and only if there exists a T -invariant 1-form φ such
that ω = ω′ + dφ and µξ = µ
′
ξ + iξφ. In particular, we have [ω + µ] = [ω + µ
′] if
and only if µ = µ′ as ξ has a zero. The push-forward measure µ∗ω
n on t∗ is called
the Duistermaat-Heckman measure, which defines the same measure independent
of the choice of ω + µ in the same equivariant cohomology class [GGK].
2.1.2. Vector fileds. For an ω-compatible almost complex structure J , we put
ξJ := Jξ +
√−1ξ, ξ¯J := Jξ −√−1ξ(6)
and θξ := −2µξ. Then we have
√−1∂¯θξ = iξJω,
√−1∂θξ = −iξ¯Jω,(7)
where ∂¯ := (d +
√−1Jd)/2 and ∂ := (d − √−1Jd)/2. In other words, we have
ξJ = gpq¯θq¯∂p and ξ¯
J = gpq¯θp∂¯q in the usual Ka¨hlerian notation. We also have
Jξ = −∇gJµξ and thus
ξJθξ = −2(Jξ)µξ = 2|ξ|2gJ = |ξJ |2gJ(8)
= |∂¯θξ|2gJ = trgJ (
√−1∂θξ ∧ ∂¯θξ).(9)
2.1.3. µ-scalar curvature. Let (M,ω) be a closed C∞-symplectic manifold with a
Hamiltonian action by a closed real torus T and µ : M → t∗ be a moment map.
For an ω-compatible almost complex structure J , we denote by s(J) the hermitian
scalar curvature defined by Donaldson [Don], which coincides with the usual Ka¨hler
(the half of the Riemannian) scalar curvature sKa¨(gJ ) =
1
2sRm(gJ) for integrable
J . Note that this s(J) differs from the half of the Riemannian scalar curvature
1
2sRm(gJ ) for non-integrable J in general.
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The µ-scalar curvature sξ(gJ ) of a metric gJ(·, ·) = ω(·, J ·) (associated to a T -
invariant ω-compatible almost complex structure J on M) with respect to a vector
ξ ∈ t is defined as follows:
(10) sξ(gJ) := (s(J)−∆gJµξ) + (−∆gJµξ + 2ξJµξ),
where ∆gJ denotes the usual Riemannian Laplacian ∆gJ = d
∗d with respect to gJ
Since two moment maps with respect to the same symplectic form only differ by a
constant, (10) is independent of the choice of the moment map µ. When ξ = 0 and
J is integrable, the µ-scalar curvature is of course nothing but the usual Ka¨hlerian
scalar curvature.
As ∆gJ is the twice of ∂¯-Laplacians ¯ =  = −gij¯∂i∂¯j when J is integrable, we
can express (10) as
sξ(gJ) = (sKa¨(gJ ) + ¯θξ) + (¯θξ − ξJθξ)
= (¯ log det g − ξJ log det g +
n∑
i=1
∂iξ
i) + (¯θξ − ξJθξ)
= (¯− ξJ ) log(eθξ det g) +
n∑
i=1
∂iξ
i,(11)
using θξ = −2µξ. Note that ξJ log det g −
∑
∂iξ
i = −¯θξ is a globally-defined
function while ξJ log det g is just locally-defined on a holomorphic chart.
Put
s¯ξ(J) :=
∫
X
sξ(gJ)e
−2µξωn
/∫
X
e−2µξωn(12)
=
∫
X
(s(gJ)−∆gJµξ)e−2µξωn
/∫
X
e−2µξωn.
A similar calculation as in the proof of Proposition 3.1 in [Ino] shows
d
dt
s¯ξ(Jt) =
(1
4
d
dt
(4s(Jt), e
−2µξ) +
∫
X
2|ξ|2gJ
)/∫
X
e−2µξωn
=
(1
4
(L−2e−2µξ ξJt, JtJ˙t) +
∫
X
2ω(ξ, J˙tξ)e
−2µξωn
)/∫
X
e−2µξωn
=
∫
X
(
(−Jdµξ ⊗ ξ + dµξ ⊗ Jξ, JtJ˙t) + 2ω(ξ, J˙tξ)
)
e−2µξωn
/∫
X
e−2µξωn
= 0.
So s¯ξ(J) is a constant independent of J compatible with ω. For an integrable
complex structure J , we can compute it as
s¯ξ =
( ∫
X
ne−2µξRic(ω) ∧ ωn−1 +
∫
X
¯(−2µξ)e−2µξωn
)/∫
X
e−2µξωn
=
∫
X
(Ric(ω) + ¯θξ) e
ω+θξ
/∫
X
eω+θξ
=: 2π(−KX,ξ · eLξ)/eLξ ,
where the last expression is given by the intersection of equivariant Chern classes.
For each λ ∈ R, we define the µλ-scalar curvature sλξ (gJ ) of a metric gJ by
(13) sλξ (gJ ) = sξ(gJ) + 2λµξ.
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We put
(14) µ¯ξ :=
∫
M
µξe
−2µξωn
/∫
M
e−2µξωn
and
µˆξ := µξ − µ¯ξ,(15)
s¯λξ := s¯ξ + 2λµ¯ξ,(16)
sˆλξ (gJ) := s
λ
ξ (gJ)− s¯λξ .(17)
Then sλξ (gJ) is constant iff sˆ
λ
ξ = 0.
2.1.4. Relation with Ka¨hler-Ricci soliton. There are two fundamental examples of
constant µ-scalar curvature Ka¨hler metric:
• A constant scalar curvature Ka¨hler metric is also a constant µ-scalar cur-
vature Ka¨hler metric with respect to ξ = 0 and any λ ∈ R.
• A Ka¨hler-Ricci soliton gJ with respect to ξ, i.e. Ric(gJ)− LξJ gJ = λgJ , is
a constant µ-scalar curvature Ka¨hler metric with respect to ξ and λ.
We can check the second claim as follows (cf. [Ino]). Remember that Ka¨hler-
Ricci soliton with nontrivial ξ 6= 0 could exist only when λ > 0 and [λω] ∈ 2πc1(X).
In particular, X is a Fano manifold in this case. Take a Ricci potential h of ω, i.e.
Ric(ω)− λω = h, and consider a moment map µ with respect to ω normalized as
(18)
∫
X
µehωn = 0.
Taking the Lie derivative LξJ of Ric(gJ)− λgJ =
√−1∂∂¯h, we have
√−1∂∂¯(¯θξ − λθξ) =
√−1∂∂¯((∂¯♯h)θξ),
where we used that ξJ is holomorphic and (∂¯♯h)θξ = ξ
Jh. Note that the operator
¯−∂¯♯h is formally self-adjoint with respect to the weighted measure ehωn, therefore
(¯ − ∂¯♯h)f = ϕ has a solution f (unique up to constant) iff ∫
X
ϕehωn = 0. So
under the normalization (18), we obtain
(19) ¯θξ − ξJh− λθξ = 0.
Then we can calculate s¯ξ as
s¯ξ =
∫
X
(¯(−h+ θξ) + λn)eθξωn
/∫
X
eθξωn
= λn+
∫
X
(−¯h+ ξJh+ λθξ)eθξωn
/∫
X
eθξωn
= λn+ λ
∫
X
θξe
θξωn
/∫
X
eθξωn,(20)
where we again used that ¯−ξJ is formally self-adjoint with respect to the weighted
measure eθξωn. Now suppose ω is a Ka¨hler-Ricci soliton, then taking the trace of
Ric(gJ)− Lξ′gJ = λgJ , we obtain
s(gJ) + ¯θξ = λn.
As h is equal to θξ up to constant, we have θ¯ξ =
∫
X
θξe
θξωn = 0 under the
normalization (18) and ¯θξ − ξJθξ − λθξ = 0. Therefore, we conclude
sξ(gJ)− λθξ = (s(gJ ) + ¯θξ) + (¯θξ − ξJθξ)− λθξ = s¯ξ.
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The normalization (18) of the moment map µ is equivalent to [ω + µ] = cT1 (X)
where cT1 (X) denotes the equivariant Chern class of the anticanonical bundle −KX ,
which can be represented by the equivariant closed form Ric(ω) + ¯θ in the equi-
variant deRham cohomology.
2.1.5. Donaldson-Fujiki picture for µ-scalar curvature. Now we explain the mo-
ment map picture for µ-scalar curvature. Let (M,ω) be a real 2n-dimensional
C∞-symplectic manifold. Denote by Jξ(M,ω) the space of all ξ-invariant almost
complex structures compatible with ω, which admits the structure of an infinite
dimensional Fre´chet manifold and is path-connected. We have the following sym-
plectic structure Ωξ on Jξ(M,ω):
(21) Ωξ(A,B) :=
∫
M
Tr(JAB)e−2µξωn
for each A,B ∈ TJJξ(M,ω) ⊂ EndTM .
For simplicity, we assume the first Betti number of M is zero. In this case, we
can identify the Lie algebra sympξ(M,ω) of the Fre´chet Lie group Sympξ(M,ω) of
symplectic diffeomorphisms preserving ξ with the space C∞ξ (M)/R of real-valued
ξ-invariant C∞-functions on M modulo constant. We identify a 2n-form ϕ on
M satisfying
∫
M ϕ = 0 and Lξϕ = 0 with the following element of the dual of
sympξ(M,ω): f 7→
∫
M fϕ.
Now define a smooth map Sλξ : Jξ(M,ω)→ sympξ(M,ω)∗ of Fre´chet manifolds
by
(22) Sλξ (J) := 4sˆλξ (gJ)e−2µξωn.
Then we have the following.
Proposition 2.1 ([Ino]). The map Sλξ : Jξ(M,ω) → sympξ(M,ω)∗ is a moment
map with respect to the symplectic structure Ωξ and the action of Sympξ(M,ω) on
Jξ(M,ω). Namely, Sλξ is a Sympξ(M,ω)-equivariant smooth map satisfying
(23) − d
dt
∣∣∣
t=0
〈Sλξ (Jt), f〉 = Ωξ(LXfJ0, J˙0)
for every smooth curve Jt ∈ Jξ(M,ω) and f ∈ C∞ξ (M), where Xf is the Hamil-
tonian vector field of f : df = −iXfω.
Note that moment maps with respect to the symplectic structure Ωξ is unique up
to Sympξ(M,ω)-invariant elements of sympξ(M,ω). While the map J 7→ (sˆξ(gJ) +
µζ −
∫
M µζe
−2µξωn/
∫
M e
−2µξωn)e−2µξωn also gives a moment map for any ζ tan-
gent to the action of the closed torus generated by ξ, we restrict our interest to the
propotional one, i.e. ζ = −2λξ.
The following invariant gives a constraint on λ for each fixed ξ and conversely
a constraint on ξ for each fixed λ for the non-emptiness of the moduli space
(Sλξ )−1(0)/Sympξ(M,ω). We will study these constraints in the next section and
section 3.2, respectively.
Corollary 2.2 (µ-Futaki invariant). Let t be the Lie algebra of the closed torus
generated by ξ. The following linear map Futλξ : t→ R,
Futλξ (ζ) :=
∫
M
sˆλξ (gJ )(−2µζ)e−2µξωn
/∫
M
e−2µξωn
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is independent of the choice of J ∈ Jξ(M,ω) and the moment map µ (as we divide
it by
∫
M e
−2µξωn).
If we fix a complex structure J , it is independent of the choice of the Ka¨hler
metric ω′ in the Ka¨hler class [ω]. So in particular, Futλξ can be regareded as an
invariant of the quadruple (X, [ω], ξ, λ) where X = (M,J) is a complex manifold.
We will slightly extend the domain of this Futλξ in section 3.1.
Note that the above corollary also shows that this complex invariant Futλξ (re-
stricted to t) is also a T -equivariant deformation invariant.
2.2. Connecting µ-cscK metric and extremal metric via λ. In this section,
we fix a complex structure J on M and a Ka¨hler class [ω]. We observe some
intriguing features of µλ-cscK, assuming some results in the rest of this article.
2.2.1. Constraint on λ. There is an apriori constraint on λ for each fixed ξ 6= 0 to
admit a µ-cscK metric in a fixed Ka¨hler class [ω]. If there is a µλξ -cscK metric ω
′,
i.e. sˆλξ (ω
′) = 0, in the Ka¨hler class [ω], then we must have
(24)
0 = Futλξ (ξ) = Fut
0
ξ(ξ)− λ
( ∫
X
θ2ξe
θξωn
/∫
X
eθξωn − (
∫
X
θξe
θξωn
/∫
X
eθξωn)2
)
.
For every ζ ∈ t, the Cauchy-Schwarz inequality shows(∫
X
θ2ζe
θξωn
)1/2
·
(∫
X
12eθξωn
)1/2
≥
∫
X
|θζ |eθξωn ≥
∫
X
θζe
θξωn.
The first equality holds iff θζ is a constant function, so we obtain that
(25) νξ(ζ) :=
∫
X
θ2ζe
θξωn
/∫
X
eθξωn − (
∫
X
θζe
θξωn
/∫
X
eθξωn)2
is strictly positive when ζ 6= 0. As the Duistermaat-Heckman measure DH = µ∗ωn
is an invariant of the equivariant deRham class [ω + µ] associated to the moment
map, νξ(ζ) =
∫
P
〈m, ξ〉2e〈m,ξ〉DH(m)/ ∫
P
e〈m,ξ〉DH(m)− · · · is also an invariant of
the equivariant deRham class, where P is the support of DH . We can easily check
that νξ(ζ) is even independent of the choice of the moment map µ, i.e. it does not
change if we replace θ with θ + c.
Thus from (24) we can determine λ as
(26) λ = λξ := Fut
0
ξ(ξ)/νξ(ξ),
where the right hand side is an invariant of the triple (X, [ω], ξ) (indeed, it is also
an invariant of the triple (M,ω, ξ)). The sign of λξ coincides with that of Fut
0
ξ(ξ).
2.2.2. λ as a function on the real blowing-up tˆ. While the function λξ is well-defined
and continuous just on the punctured space t \ {0}, the following functional
(27) ξ 7→ |ξ| · λξ
continuously extends to the real blowing-up
tˆ := {(ξ,Ξ) | ξ ∈ Ξ = [0,∞) · v ⊂ t, v ∈ t \ {0}} π−→ t : (ξ,Ξ) 7→ ξ
of t at the origin, where we take the norm on t as |ξ|2 := ∫
X
θ2ξω
n. Indeed, as |ξ|
tends to 0, the function |ξ|−2νξ(ξ) on t \ {0} approaches to a positive continuous
function νˆ(0,Ξ) = 1/
∫
X
ωn − (∫
X
θΞω
n/
∫
X
ωn)2 on the boundary sphere π−1(0),
where we put θΞ := θv for a unique vector v ∈ Ξ with |v| = 1 and similarly
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|ξ|−1 · Fut0ξ(ξ) approaches to a continuous function F̂ut(0,Ξ) = Fut(v) =
∫
X
(s −
s¯)θΞω
n/
∫
X
ωn on π−1(0). Here the positivity of νˆ again follows by the Cauchy-
Schwartz inequality.
We will see in section 3.2 that λξ, i.e. Fut
0
ξ(ξ), is always positive sufficiently away
from the origin. Assuming this, it follows that any sequence ξi ∈ t with λξi → −∞
must converge to the origin 0 ∈ t. Moreover, as the function |ξ| ·λξ is bounded near
the origin, we have a uniform bound |λiξi| ≤ C, so that there is a subsequence such
that λiξi converges to some vector ξˆ−∞ ∈ t. Now suppose Futλiξi = 0 for every i.
We can compute all Futλiξi by a fixed T -invariant Ka¨hler metric ω, so that the limit
of this functional is given by
Fut−∞
ξˆ−∞
(ζ) :=
∫
X
(
(s(ω)− θξˆ−∞)− (s¯− θ¯−∞)
)
θζω
n
/∫
X
ωn,
where we put θ¯−∞ :=
∫
X θξˆ−∞ω
n/
∫
X ω
n. So we must have Fut−∞
ξˆ−∞
= 0.
Such a vector ξˆ−∞ is uniquely characterized as the critical point of the following
strictly convex functional on t:
C(ξ) :=
∫
X
(
s(ω)− θξ −
∫
X
(s(ω)− θξ)ωn
/∫
X
ωn
)2
ωn,
whose derivative at ξ gives 2Fut−∞ξ . We call its minimizer the extremal vector and
denote it by ξext. It follows that we have ξˆ−∞ = ξext independent of the choice of
the subsequence of {i} and thus the original sequence λiξi also converges to ξext.
2.2.3. Extremal metric in the limit of λ → −∞. Suppose there is a sequence of
µλiξi -cscK metrics ωi in the fixed Ka¨hler class [ω] with λi → −∞:
(s(ωi) + ¯ωiθξi(ωi)) + (¯ωiθξi(ωi)− ξJi θξi(ωi))− λiθξi(ωi) = s¯λiξi ,
where θξi(ωi) denotes the ∂¯-Hamiltonian potential with respect to ωi in the same
equivariant class. Fix a reference metric ω and take a Ka¨hler potential φi of ωi so
that maxφi = 0.
Suppose we have a uniform C3,α-bound of φi and a uniform bound Cω ≤ ωi,
then the limit of the metrics gives a metric ω−∞ ∈ [ω] after taking a subsequence.
Remember that the vectors ξi must converge to 0 and the sequence λiξi converges
to the extremal vector ξext (by the observation in the last subsection). It follows
that θξi(ωi) = θξi(ω)− ξJi φi converges to 0 in C2,α and the limit metric ω−∞ must
satisfy the following equation
s(ω∞)− θξext(ω−∞) = const,
which is nothing but the equation of extremal metric.
We firstly introduced the parameter λ so that we can include Ka¨hler-Ricci soliton
in our study. However, now we can regard the parameter λ as a continuity path
connecting µ0-cscK metric and extremal metric. We will see in the last section
that if there is a µλ-cscK metric, then we can find a µλ
′
-cscK metric for any small
perturbation λ′ ∈ (λ− ǫ, λ+ ǫ). So the problem of connecting (or finding) µ0-cscK
(or µ1-cscK especially when [ω] = 2πc1(X)) and extremal metric reduces to the
problem on an apriori estimate.
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2.3. µ-Lichnerowicz operator and reductiveness. In this section, we fix a
complex structure J on M , a Ka¨hler metric ω and a function θ on M . We prove
the reductiveness of the automorphism group of a Ka¨hler manifold admitting µ-
cscK. This result is a first step to construct a good moduli space of the complex
structures of Ka¨hler manifolds admitting µ-cscK metrics, in order to apply GIT
locally. We firstly begin with basic calculations for the readers’ and the author’s
convenience.
2.3.1. Warming up for calculations. Let (X,ω) be a Ka¨hler manifold, θ be a smooth
real-valued function on X and (E, h) be a hermitian (not necessarily holomorphic,
so far) vector bundle on X . Define an L2-norm 〈·, ·〉θ by
〈α, β〉θ :=
∫
X
h(α, β) eθωn
for smooth sections α, β ∈ Ω0(E). For a differential operator D : Ω0(E) → Ω0(F )
from E to F , denote by Dθ∗ : Ω0(F ) → Ω0(E) the formal left adjoint of D with
respect to such pairing, i.e.
〈Dθ∗α, β〉E,θ = 〈α,Dβ〉F,θ
for all sections α ∈ Ω0(F ), β ∈ Ω0(E). As usual, we denote by Λ : Ωp,q(E) →
Ωp−1,q−1(E) the adjoint operator of ω∧:
hp−1,q−1(Λ(α), β) = hp,q(α, ω ∧ β),
where hp,q is the induced hermitian metric on Λp,q ⊗ E defined as
(u1···p ∧ u1¯···q¯ ⊗ σ, v1···p ∧ v1¯···q¯ ⊗ τ) := h(σ, τ) · det
(
g(ui, vj) 0
0 g(uk¯, vl¯)
)i,j=1,...,p
k,l=1,...,q
for u1···p = u1 ∧ · · · ∧ up, v1···p = v1 ∧ · · · ∧ vp ∈ Λp,0x X , u1¯···q¯ = u1¯ ∧ · · · ∧ uq¯, v1¯···q¯ =
v1¯ ∧ · · · ∧ vq¯ ∈ Λ0,qx X and σ, τ ∈ Ex.
Example 2.3. For α = αij¯ ⊗ dzi ∧ dz¯j ∈ Ω1,1(E), we have
Λ(α) = −√−1gij¯αij¯ .
For γ = γij¯k¯ ⊗ dzi ∧ dz¯j ∧ dz¯k ∈ Ω1,2(E), we have
Λ(γ) = −√−1gij¯(γij¯k¯ − γik¯j¯)dz¯k.
For a hermitian connection ∇ on (E, h), the following local expressions yield
global operators.
∇′ :=
n∑
i=1
dzi ∧ ∇∧∂i : Ωp,q(E)→ Ωp+1,q(E),(28)
∇′′ :=
n∑
i=1
dz¯i ∧ ∇∧∂¯i : Ωp,q(E)→ Ωp,q+1(E),(29)
where
∇∧ : Ω0(Λp,q ⊗ E)→ Ω1(Λp,q ⊗ E)
is the induced connection on Λp,q ⊗ E. These operators ∇′,∇′′ are the first order
differential operators from Λp,q ⊗ E to Λp+1,q ⊗ E and Λp,q ⊗ E to Λp,q+1 ⊗ E,
respectively, and ∇′ +∇′′ is the exterior covariant derivative of ∇.
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Put θp := ∂θ/∂z
p, θq¯ := ∂θ/∂z¯
q on a holomorphic chart of X and denote by
ξ′, ξ′′ the following global vector fields associated to θ
ξ′ := ∂♯θ = gpq¯θq¯∂p, ξ
′′ := ∂¯♯θ = gpq¯θp∂¯q.
Then the formal adjoints ∇′θ∗,∇′′θ∗ of ∇′,∇′′ with respect to the pairing 〈·, ·〉θ can
be written as
∇′θ∗ = ∇′∗ − iξ′ =
√−1
(
Λ∇′′ −∇′′Λ
)
− iξ′ ,(30)
∇′′θ∗ = ∇′′∗ − iξ′′ = −
√−1
(
Λ∇′ −∇′Λ
)
− iξ′′ .(31)
Actually, as 〈α, β〉θ = 〈α, βeθ〉, we have
〈∇′θ∗α, β〉θ = 〈α,∇′β〉θ
= 〈α,∇′(eθβ)〉 − 〈α, ∂θ ∧ β〉θ
= 〈∇′∗α, β〉θ − 〈iξ′α, β〉θ .
2.3.2. Weitzenbo¨ck formula. Let (L, e−φ) be a holomorphic hermitian line bundle
on X , where we denote the hermitian connection by a local expression e−φ. We
denote by ∇ the Chern connection on L. The Chern curvature is given by ∂∂¯φ.
Put
∇♯ := ∇′T 1,0X⊗L ◦ ♯ : Ω0,1(L)→ Ω1,0(T 1,0X ⊗ L),
∇♯♯ := ∇′′T 1,0X⊗L ◦ ♯ : Ω0,1(L)→ Ω0,1(T 1,0X ⊗ L),
where ♯ : Ω0,1(L) → Ω0(T 1,0X ⊗ L) is given by ♯(αj¯dz¯j) = gij¯αj¯∂i. Consider the
following four variants of weighted Laplacian acting on Ω0,1(L):

θ := ∇′θ∗∇′ +∇′ ∇′θ∗ = ∇′θ∗∇′,
¯
θ := ∇′′θ∗∇′′ +∇′′ ∇′′θ∗,

θ
# := ∇♯
θ∗∇♯ = ♭(∇′θ∗TX⊗L∇′TX⊗L)♯,
¯
θ
# := ∇♯♯
θ∗∇♯♯ = ♭(∇′′θ∗TX⊗L∇′′TX⊗L)♯,
where ♭ : Ω0(T 1,0X ⊗ L)→ Ω0,1(L) is given by ♭(ηi∂i) = gij¯ηidz¯j.
Lemma 2.4 (Weighted Laplacians). The above weighted Laplacians can be ex-
pressed by the usual Laplacians as follows.

θ = −∇∧ξ′ ,(32)
¯
θ = ¯−∇∧ξ′′ − gij¯θik¯dz¯k ⊗ ∂¯j ,(33)

θ
# = # −∇∧ξ′ ,(34)
¯
θ
# = ¯# −∇∧ξ′′ ,(35)
where θik¯ = ∂
2θ/∂zi∂z¯k and gij¯θik¯dz¯
k ⊗ ∂¯j ∈ End(T 0,1X) is identified with the
operator acting on Ω0,1(L).
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Proof. Let αk¯ ⊗ dz¯k be an element of Ω0,1(L) expressed by local sections αk¯ of L.
Then from (30), we have

θ(αk¯ ⊗ dz¯k) = ∇′θ∗∇′(αk¯ ⊗ dz¯k)
=
(
∇′∗∇′ − iξ′∇′
)
(αk¯ ⊗ dz¯k)
= (−∇∧ξ′)(αk¯ ⊗ dz¯k).
We can do similarly as for θ# and ¯
θ
#.
As for ¯θ, we calculate as follows.
¯
θ(αk¯ ⊗ dz¯k) = (∇′′θ∗∇′′ +∇′′∇′′θ∗)(αk¯ ⊗ dz¯k)
=
(
(∇′′∗∇′′ +∇′′∇′′∗)− (iξ′′∇′′ +∇′′iξ′′)
)
(αk¯ ⊗ dz¯k)
= ¯(αk¯ ⊗ dz¯k)−∇∧ξ′′(αk¯ ⊗ dz¯k) + dz¯q ∧ iξ′′∇∧∂¯q (αk¯ ⊗ dz¯k)− ∂¯L(gij¯θiαj¯)
= (¯−∇∧ξ′′)(αk¯ ⊗ dz¯k)− gij¯θik¯αj¯dz¯k,
where we transform dz¯q ∧ iξ′′∇∧∂¯q (αk¯ ⊗ dz¯k) as
dz¯q ∧ iξ′′∇∧∂¯q (αk¯ ⊗ dz¯k) = dz¯q ∧ (ξk¯ ∂¯L,q¯αk¯ + αk¯(−ξ
j¯Γk¯q¯j¯))
= glk¯θl∂¯Lαk¯ − αk¯θlglj¯gpk¯gpj¯,q¯dz¯q
= θl∂¯L(g
lk¯αk¯).

Corollary 2.5 (Weitzenbo¨ck formula). Write Ric(ω) =
√−1∂¯∂ log det(gpq¯) as√−1Rij¯dzi ∧ dz¯j and put ξ := (ξ′ − ξ′′)/2
√−1. Then we have the following.

θ − ¯θ = Λ(√−1∂∂¯φ)− 2√−1∇∧ξ + gij¯θik¯dz¯k ⊗ ∂¯j ,(36)

θ
# − ¯θ# = Λ(
√−1∂∂¯φ) + gij¯Rik¯dz¯k ⊗ ∂¯j − 2
√−1∇∧ξ ,(37)

θ
# −θ = 0,(38)
¯
θ
# − ¯θ = −gij¯(Rik¯ − θik¯)dz¯k ⊗ ∂¯j .(39)
Proof. The first two equalities follow from the above lemma combined with the
usual Kodaira-Nakano formula
− ¯ = Λ(√−1∂∂¯φ),
# − ¯# = ♭(gij¯R kp ij¯dz
p ⊗ ∂k + gij¯φij¯dzp ⊗ ∂p)♯
= gpq¯Rpl¯dz¯
l ⊗ ∂¯q + gij¯φij¯dz¯q ⊗ ∂¯q.
Put αk¯,p := ∇pαk¯ and αk¯,q¯ := ∇q¯αk¯. Then using (30) and (31), we obtain
∇♯(αk¯dz¯k) = glk¯αk¯,pdzp ⊗ ∂l,(40)
∇♯θ∗(βlpdzp ⊗ ∂l) = −glj¯gpq¯(βlp,q¯ + βlpθq¯)dz¯j ,(41)
∇♯♯(αk¯dz¯k) = (glk¯αk¯)q¯dz¯q ⊗ ∂l,(42)
∇♯♯θ∗(βlq¯dz¯q ⊗ ∂l) = ∇♯♯
∗
(βlq¯dz¯
q ⊗ ∂l)− gl¯gpq¯θpβlq¯dz¯j .(43)

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2.3.3. µ-Lichnerowicz operator and Reductiveness.
Proposition 2.6 (µ-Lichnerowicz operator). PutD := ∇♯♯∂¯ : C∞
C
(X)→ Ω0,1(T 1,0X).
Suppose ξ′ = ∂♯θ is a holomorphic vector field, then
(Dθ∗D)f = (∂¯θ∗¯θ#∂¯)f
= (∂¯θ∗¯θ∂¯)f − (∂¯θ∗(gij¯(Rik¯ − θik¯)dz¯k ⊗ ∂¯j)∂¯)f
= (¯− ξ′′)2f + (Ric(ω)− Lξ′ω,
√−1∂∂¯f)(44)
+ (∂¯♯sξ(ω))f,
where sξ(ω) = (s(ω) + ¯θ) + (¯θ − ξ′θ).
Proof. It suffices to show the third equality. As ∂¯∂¯ = 0, we obtain ∂¯θ∗¯θ∂¯ = ¯θ¯θ.
The second term in the second formula can be simplified as
−(∂¯θ∗(gij¯(Rik¯ − θik¯)dz¯k ⊗ ∂¯j)∂¯)f = (
√−1(Λ∂) + iξ′′)(gij¯(Rik¯ − θik¯)fj¯dz¯k).(45)
As for
√−1(Λ∂)(gij¯(Rik¯ − θik¯)fj¯dz¯k),
√−1(Λ∂)(gij¯(Rik¯ − θik¯)fj¯dz¯k) =
√−1(−√−1glk¯)(gij¯(Rik¯ − θik¯)fj¯)l
= glk¯gij¯(Rik¯ − θik¯)flj¯ + glk¯(gij¯(Rik¯ − θik¯))lfj¯
= (Ric(ω)− Lξ′ω,
√−1∂∂¯f)(46)
+ glk¯gij¯ ,l(Rik¯ − θik¯)fj¯ + glk¯gij¯(Rik¯,l − θik¯,l)fj¯ ,
where Rik¯,l = ∂Rik¯/∂z
l and θik¯,l = ∂
3θ/∂zi∂z¯k∂zl. As Rik¯,l − θik¯,l = Rlk¯,i − θlk¯,i,
the last term of (46) is equal to
(47) gij¯(glk¯(Rlk¯ − θlk¯))ifj¯ − gij¯glk¯,i(Rlk¯ − θlk¯)fj¯ .
As glk¯gij¯ ,l = −glk¯giq¯gpq¯,lgpj¯ = −glk¯giq¯glq¯,pgpj¯ = gik¯,pgpj¯, the second term of (46)
is distinguished by the second term of (47). So we obtain
√−1(Λ∂)(gij¯(Rik¯ − θik¯)fj¯dz¯k) = (Ric(ω)− Lξ′ω,
√−1∂∂¯f) + (∂¯♯(s+ ¯θ))f.
The rest term in (45) is
iξ′′(g
ij¯(Rik¯ − θik¯)fj¯dz¯k) = ξk¯gij¯(Rik¯ − θik¯)fj¯
= glk¯gij¯θl(Rik¯ − θik¯)fj¯
and the following calculations show (44). As ξ′ = gqp¯θp¯ is holomorphic, we have
(gpq¯θp)i = (gp¯qθp¯)¯i = ∂¯iξ
q = 0. It follows that
(¯θ)i = −(gpq¯θpq¯)i = −(gpq¯θp)iq¯ + (gpq¯,q¯θp)i
= (−gpk¯glq¯glk¯,q¯θp)i
= −(glq¯glq¯,k¯)igpk¯θp − glq¯glq¯,k¯(gpk¯θp)i
= gpk¯θpRik¯
and
(ξ′θ)i = (g
lk¯θk¯θl)i = (g
lk¯θl)iθk¯ + g
lk¯θlθik¯ = g
lk¯θlθik¯.

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Corollary 2.7 (Reductiveness). Suppose there exists a µλξ -cscK metric ω on X ,
then the identity component Aut0ξ(X/Alb) of the subgroup of the reduced auto-
morphism group Aut(X/Alb) preserving ξ is the complexification of the group
Hisomξ(X,ω) of the Hamiltonian isometries of the µ-cscK metric ω preserving ξ,
especially, it is reductive.
Proof. If ω is a µ-cscK, then the operator Dθ∗D restricted to C∞ξ (X,C) = {f ∈
C∞(X,C) | ξf = 0} is a real operator. It follows that
{f ∈ C∞ξ (X,C) | Df = 0} = {g +
√−1h | Dg = Dh = 0, g, h ∈ C∞ξ (X,R)},
which are respectively isomorphic to autξ(X, [ω]) and isomξ(X, g)⊕
√−1isomξ(X, g)
as we have D = ∇♯♯∂¯ = ∂¯TX∂♯. 
3. µ-Futaki invariant and µ-volume
3.1. µ-Futaki invariant. In this section, we fix a complex structure J on M , a
Ka¨hler class [ω], the properly ∂¯-Hamiltonian vector field ξ and the parameter λ ∈ R.
Let ξ be a properly ∂¯-Hamiltonian vector field on a Ka¨hler manifold X . Taking a
ξ-invariant Ka¨hler metric ω ∈ [ω], we define a C-linear functional Futλξ : h0(X)→ C
by
(48) Futλξ (ζ) :=
∫
X
sˆλξ (ω)θζ e
θξωn
/∫
X
eθξωn.
Remember that
sˆλξ (ω) = (s(ω) + ¯θξ) + (¯θξ − ξJθξ)− λθξ − s¯λξ ,
s¯λξ =
∫
X
(s+ ¯θξ − λθξ)eθξωn
/∫
X
eθξωn.
The following proposition proves the first half of Theorem B.
Proposition 3.1. The linear functional Futλξ is independent of the choice of the
ξ-invariant Ka¨hler metric ω in the fixed Ka¨hler class [ω] and the moment map θ•.
Proof. Take two ξ-invariant Ka¨hler forms ω, ω′ ∈ [ω] and take a smooth function
φ so that ω′ = ω +
√−1∂∂¯φ. Put ωt := ω + t
√−1∂∂¯φ. Then the moment map µt
with respect to ωt with ωt + µ
t ∈ [ω + µ] is given by µtξ = µξ − tξJφ/2. We put
θtζ := θζ + tζ
Jφ for ζ ∈ h0(X), which satisfies ∂¯θtζ = iζJωt and is complex-valued
in general and becomes real-valued when ζ ∈ h0(X,ω). As we already know that∫
X e
θtξωn is invariant, it is sufficient to see
d
dt
∫
X
sˆλξ (gt)θ
t
ζ e
θtξωnt = 0
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for every t ∈ [0, 1]. Firstly, we compute
d
dt
sˆλξ (ωt) =
d
dt
(
(gij¯t R
t
ij¯ − gij¯t θtξ,ij¯) + (−gij¯t θtξ,ij¯ − ξJθt,ξ)− λθt,ξ
)
= −giq¯t g˙tpq¯gpj¯t Rtij¯ − gij¯t (gkl¯g˙tkl¯)ij¯ + giq¯t g˙tpq¯gpj¯t θtξ,ij¯ − gij¯t (ξJφ)ij¯
+ giq¯t g˙
t
pq¯g
pj¯θtξ,ij¯ − gij¯(ξJφ)ij¯ − ξJξJφ− λξJφ
= −¯t¯tφ− (Ric(ωt)− LξJωt,
√−1∂∂¯φ) + ¯tξJφ
+ (LξJωt,
√−1∂∂¯φ) + (¯t − ξJ)(ξJφ) − λξJφ
= −((¯t − ξ¯J)2φ+ (Ric(ωt)− LξJωt,
√−1∂∂¯φ))− ξ¯J ¯tφ− ¯tξ¯Jφ+ ξ¯J ξ¯Jφ
+ ¯tξ
Jφ+ (LξJωt,
√−1∂∂¯φ) + (¯t − ξJ)(ξJφ)− λξJφ
= −Dθ∗t Dtφ+ (∂¯♯sξ(gt))(φ) − λξJφ
− ξ¯J ¯tφ+ ¯tξJφ+ (LξJωt,
√−1∂∂¯φ)
= −Dθ∗t Dtφ+ (∂¯♯sˆλξ (gt))(φ) = −Dθ∗t Dtφ+ (∂♯sˆλξ (gt))(φ),
where we used the ξ-invariance of metrics for ξ¯Jφ = ξJφ etc. and compute the last
line by
(LξJωt,
√−1∂∂¯φ) = gil¯t gkj¯t θtξ,ij¯φkl¯
= gil¯t (ξ
kφkl¯)i − gil¯t gkj¯t,iθtξ,j¯φkl¯ − gil¯t ξkφkl¯i
= gil¯t ((ξ
kφk)l¯)i − gkl¯t,pgpj¯t θtξ,j¯φkl¯ − ξk(gil¯t φil¯)k + gkj¯t θtξ,j¯gil¯t,kφil¯
= −¯ξJφ+ ξJ¯φ.
It follows that
d
dt
∫
X
sˆλξ (gt)θ
t
ζ e
θtξωnt =
∫
X
−Dθ∗t Dtφ θtζeθ
t
ξωnt +
∫
X
(∂♯sˆλξ (gt))(φ) θ
t
ζe
θtξωnt
+
∫
X
sˆλξ (gt)ζ
Jφ eθ
t
ξωnt −
∫
X
sˆλξ (gt)θ
t
ζ(t − ξJ )(φ)eθ
t
ξωnt
= −
∫
X
φ Dθ∗t Dtθtζeθ
t
ξωnt +
∫
X
(∂♯sˆλξ (gt))(φ) θ
t
ζe
θtξωnt
+
∫
X
sˆλξ (gt)ζ
Jφ eθ
t
ξωnt −
∫
X
∂♯(sˆλξ (gt)θ
t
ζ)(φ)e
θtξωnt
= −
∫
X
φ Dθ∗t Dtθtζeθ
t
ξωnt
and the last term vanishes as ζ ∈ h0(X). 
By the definition of Futλξ , if there is a µ
λ
ξ -cscK metric in the Ka¨hler class [ω],
Futλξ must vanish.
We put
(49) F˜utλξ (ζ) :=
∫
X
sˆλξ (ω)θζ e
θξωn = Futλξ (ζ)
∫
X
eθξωn.
In contrast to Futλξ , F˜ut
λ
ξ depends on the choice of the moment map while it is
independent of the choice of the Ka¨hler metric in the fixed Ka¨hler class [ω].
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When X is a Fano manifold and [ω] = 2πc1(X), Fut
1
ξ reduces to the following
well-known form:
Fut1ξ(ζ) = −
∫
X
ζJ (h− θvξ )eθ
v
ξωn = −
∫
X
θζe
θξωn
/∫
X
eθξωn,
where h is a Ricci potential and θvξ denotes the normalization of θξ satisfying∫
X
eθ
v
ξωn = 1. This invariant was investigated in [TZ].
3.2. µ-volume functional. Here we introduce a generalization of a functional
considered in [TZ].
Let X be a compact Ka¨hler manifold with a Hamiltonian holomorphic action
of a compact Lie group K and ω be a K-invariant Ka¨hler form on X . Define the
µ-volume functional Volλ with respect to ω on k by
(50) Volλ(ξ) := es¯
λ
ξ
( ∫
X
eθξωn
)λ
using a real-valued Hamiltonian potential θξ :
√−1∂¯θξ = iξJω. We can easily check
that Volλ(ξ) is independent of the choice of the Hamiltonian potential. Remember
again that the constant s¯λξ is given by
s¯λξ =
∫
X
(s+ ¯θξ − λθξ)eθξωn
/∫
X
eθξωn.
As s¯λξ and
∫
X e
θξωn is independent of the choice of the ξ-invariant Ka¨hler metric,
the µ-volume functional Volλ is also independent of the choice of the K-invariant
Ka¨hler metric in the fixed Ka¨hler class [ω].
When X is a Fano manifold and the Ka¨hler class [ω] is equal to 2πc1(X), we have
s¯1ξ = n by (20) under the normalization (18) and thus obtain Vol
1 = en
∫
X
eθξωn,
which is equivalent to the volume functional considered in [TZ]. We can easily see
the properness and the convexity of Vol1 in this case and thus obtain a unique
critical point ξ of Vol1, which is equivalent to Futξ ≡ 0.
In [Ino], the author used this result in order to formulate an appropriate moduli
problem for Fano manifolds admitting Ka¨hler-Ricci solitons, which is equivalent
to detect a sensible moduli stack, and to construct the moduli space of them.
It is important that we have such a result for all Fano manifolds, not only for
Fano manifolds admitting Ka¨hler-Ricci solitons, as we must include ‘K-semistable’
manifolds in the member of the moduli stack in order to ensure the openness of the
interested families in general families, which corresponds to the Artinness of the
moduli stack.
3.2.1. Variational formulas.
Proposition 3.2. The derivative dξVol
λ of Volλ at ξ ∈ t is given by
(dξVol
λ)(ζ) = Volλ(ξ) · Futλξ (ζ).
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Proof. We calculate the derivative of logWm(ξ;λ) = λ−1s¯λξ + log
∫
X
eθ
m
ξ ωn. We
have the following basic calculations:
d
dt
∣∣∣
t=0
∫
X
(s+ ¯θξ+tζ − λθξ+tζ)eθξ+tζωn(51)
=
∫
X
(
(s+ ¯θξ − λ) + (¯θξ − ξJθξ − λθξ)
)
θζe
θξωn
= F˜utλξ (ζ) + (s¯
λ
ξ − λ)
∫
X
θζe
θξωn
d
dt
∣∣∣
t=0
∫
X
eθξ+tζωn =
∫
X
θζe
θξωn,(52)
It follows that
d
dt
∣∣∣
t=0
s¯λξ+tζ = Fut
λ
ξ (ζ)− λ
∫
X
θζe
θξωn
/∫
X
eθξωn.
So we obtain
d
dt
∣∣∣
t=0
log Volλ(ξ + tζ) =
d
dt
∣∣∣
t=0
(
s¯λξ+tζ + λ log
∫
X
eθξ+tζωn
)
= Futλξ (ζ).

Remark 3.3. The log of the µ-volume functional is given by
logVolλ =
∫
X
(s+ ¯θvξ − λθvξ )eθ
v
ξωn,
where we put θvξ := θξ−log
∫
X e
θξωn so that
∫
X e
θvξωn = 1. As we have
∫
X ¯θ
v
ξ e
θvξωn =∫
X |∂¯θvξ |2eθ
v
ξωn, the functional is closely related to Perelman’s W-functional:
W (ω, f, λ−1) :=
∫
X
(2λ−1(s+ |∂¯f |2) + f)e−fωn,
where we usually consider λ > 0.
Next we calculate the second variation of the µ-volume functional. Define a
smooth map DVolλ : k→ k∗ by
(53) DVolλ(ξ) = dξVol
λ = Volλ(ξ) · Futλξ .
Proposition 3.4. The derivative dξDVol
λ : k→ k∗ of DVolλ at ξ ∈ k is given by
(dξDVol
λ)(ζ)(•)
= Volλ(ξ)2 · Futλξ (ζ) · Futλξ (•)−Volλ(ξ) ·
∫
X(θζ + θ•)e
θξωn∫
X e
θξωn
Futλξ (•)
+ Volλ(ξ) · (
∫
X
eθξωn)−1
∫
X
(sˆλξ θζθ• + 2ζ
Jθ•)e
θξωn
− λVolλ(ξ) · (
∫
X
eθξωn)−1
( ∫
X
θζθ•e
θξωn −
∫
X θζe
θξωn∫
X
eθξωn
∫
X
θ•e
θξωn
)
.
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Proof. Using the first variational formula, we have
dξDVol
λ(ζ)(•) = Volλ(ξ)2 · Futλξ (ζ) · Futλξ (•)−Volλ(ξ) ·
∫
X
θζe
θξωn∫
X e
θξωn
Futλξ (•)
+ Volλ(ξ)(
∫
X
eθξωn)−1
d
dt
∣∣∣
t=0
F˜utλξ+tζ(•).
The claim follows by the following computation.
d
dt
∣∣∣
t=0
F˜utλξ+tζ(•) =
d
dt
∣∣∣
t=0
∫
X
(s+ 2¯θξ+tζ − (ξ + tζ)Jθξ+tζ − λθξ+tζ − s¯λξ+tζ)θ•eθξ+tζωn
=
∫
X
(2¯θζ − 2ξJθζ − λθζ)θ•eθξωn −
F˜utλξ (ζ)− λ
∫
X θζe
θξωn∫
X
eθξωn
∫
X
θ•e
θξωn
+
∫
X
sˆλξ θ•θζe
θξωn
= 2
∫
X
ζJθ•e
θξωn −
∫
X
θ•e
θξωn∫
X e
θξωn
F˜utλξ (ζ) +
∫
X
sˆλξ θ•θζe
θξωn
− λ
( ∫
X
θζθ•e
θξωn −
∫
X
θζe
θξωn∫
X e
θξωn
∫
X
θ•e
θξωn
)
.

3.2.2. Upshots of the second variational formula. Using the second variational for-
mula, we obtain a criterion for ξ to be a local minimizer.
Corollary 3.5. Let ω be a µλξ -cscK metric on X . If ξ is a local minimizer of Vol
λ,
then
(54) λ ≤ 2
∫
X
|ζJ |2geθξωn/
∫
X
eθξωn
νξ(ζ)
for every ζ ∈ k \ {0} (with |ζ| = 1).
Conversely, if we have
(55) λ <
2
∫
X |ζJ |2geθξωn/
∫
X e
θξωn
νξ(ζ)
for every ζ ∈ k \ {0} (with |ζ| = 1), then ξ ∈ k is an isolated local minimizer of
the functional Volλ. (Note that 2
∫
X
|ζJ |2geθξωn/
∫
X
eθξωn depends on the µ-cscK
metric ω and so on λ. ) Especially, ξ is an isolated local minimizer when
λ ≤ 0.
Moreover, let λ1 be the first eigenvalue of the weighted Laplacian ¯g − ξJ (re-
stricted to the space of ξ-invariant real functions) with respect to the µ-cscK metric
ω and suppose λ < 2λ1, then ξ ∈ k is an isolated local minimizer.
Proof. If ξ is a local minimizer, then we should have (d/dt)2|t=0Volλ(ξ + tζ) =
dξDVol
λ(ζ)(ζ) ≥ 0 for every ζ 6= 0. On the other hand, if we have (d/dt)2|t=0Volλ(ξ+
tζ) = dξDVol
λ(ζ)(ζ) > 0 for every ζ 6= 0, then ξ is an isolated minimizer. Then the
first two claims follow by the second variational formula of Volλ. The last statement
follows by the Poincare’s inequality. 
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Note that the origin 0 ∈ k is a critical point of Volλ if and only if the usual Futaki
invariant Fut vanishes, which is independent of λ. So we also obtain the following
corollary, which will give a non-uniqueness of critical points in the next subsection.
Corollary 3.6. Suppose Fut ≡ 0. Then the origin 0 ∈ k is an isolated local
minimizer of Volλ if
λ <
∫
X((s− s¯)θ2ζ + 2|ζJ |2)ωn/
∫
X ω
n
ν0(ζ)
and if it is a local minimizer only then
λ ≤
∫
X
((s− s¯)θ2ζ + 2|ζJ |2)ωn/
∫
X
ωn
ν0(ζ)
for every ζ ∈ k \ {0}, where the right hand side is independent of the choice of the
Ka¨hler metric in the fixed Ka¨hler class and the moment map.
Proof. Note sˆλ0 = s− s¯. The claim follows by the second variational formula. We
can express
∫
X((s− s¯)θ2ζ + 2|ζJ |2)ωn by the integral of equivariant closed forms as∫
X
((s−s¯)θ2ζ+2|ζJ |2)ωn =
2
n+ 1
( ∫
(Ric(ω)+¯θζ)(ω+θζ)
n+1− s¯
n+ 2
∫
X
(ω+θζ)
n+2
)
,
which proves the independence from ω. As for the independence of the normaliza-
tion of the moment map, it follows from Fut =
∫
X
(s− s¯)θωn ≡ 0. 
For a Ka¨hler manifold (X, [ω]) with Fut ≡ 0, we put
λ∞(X, [ω]) := sup{λ ∈ R | Volλ is locally minimized at the origin }(56)
= min
|ζ|=1
∫
X
((s− s¯)θ2ζ + 2|ζJ |2)ωn
ν0(ζ)
.
Note that for every λ ≤ λ∞(X, [ω]), Volλ[ω] is locally minimized at the origin. By
the Poincare’s inequality, we have the following lower bound:
(57) sup
ω∈[ω]
(min
X
s(ω) + 2λ1(ω))− s¯ ≤ λ∞(X, [ω]),
where λ1(ω) denotes the first eigenvalue of ¯ω.
Now suppose X is a Fano manifold and there is a Ka¨hler metric ω in a fixed
Ka¨hler class on X with a lower bound on the Ricci curvature Ric(ω) ≥ δω for
δ > 0. Then by Lichnerowicz-Obata’s theorem, we obtain a lower bound on the
first eigenvalue λ1(ω) ≥ n2n−1δ (note that ¯ = 12∆). On the other hand, we have
s(ω) ≥ δn. It follows that if the Futaki invariant of X vanishes, then by (57) we
obtain a lower bound λ∞(X, [ω]) ≥ δ(n+ 2n2n−1 )− s¯. So in particular, in this case,
the origin 0 ∈ k is an isolated local minimizer of Volλ for all λ ≤ 0 if δ > 2n−1(2n+1)n s¯.
As for [ω] = 2πc1(X), we can explicitly compute as
(58) λ∞(X, 2πc1(X)) = 2.
This follows by the equality of equivariant classes [Ric + ¯θζ ] = [ω + θζ ] and the
formula in the proof of the above corollary. We can also deduce this by using
s− s¯ = −¯h and ¯θζ − ζJh− θζ = 0 as in (19).
Question 3.7. Is λ∞(X, [ω]) positive for every Ka¨hler manifold X and Ka¨hler class
[ω] with vanishing Futaki invariant?
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3.2.3. Properness of Volλ. Now we show that Volλ is proper for general X , not
necessarily a Fano manifold, and thus always have a critical point.
Lemma 3.8. Let M be a closed manifold and f be a Morse-Bott function. Nor-
malize f so that max f = 0 by adding a constant and suppose f−1(0) is connected
of codimension k. Then for any smooth measure dm, the parametrized measure
tk/2etfdm converges to a non-zero finite measure supported on f−1(0) as t tends
to +∞.
Moreover, the parametrized measure (−1)ptk/2+pfpetfdm converges to a non-
zero finite measure supported on f−1(0) for every non-negative integer p.
Proof. On any compact set K ⊂M \ f−1(0), the parametrized measure tk/2etfdm
converges to zero in the order o(tk/te−ǫt) as f is smaller than some −ǫ < 0 on K.
For a point p of f−1(0), we can take a local coordinate of p so that f(x) can be
written as = −(x21 + · · ·+ x2k). Then we can write tk/2etfdm as
tk/2etfdm = tk/2e−t(x
2
1+···+x
2
k)m(x)dx1 · · · dxn
for a positive function m(x) on this coordinate. It suffices to prove that the
parametrized measure tk/2e−t(x
2
1+···x
2
k)dx1 · · · dxn converges to a non-zero finite
measure supported on {x1 = · · · = xk = 0}. As we only need to check the conver-
gence of the integration of all the test functions of boxes, the claim follows by the
Gaussian integral.
As for (−1)ptk/2+pfpetfdm = tk/2+p(x21+· · ·+x2k)pe−t(x
2
1+···+x
2
k)m(x)dx1 · · · dxn,
we have ∫
x2p11 · · ·x2pkk e−t(x
2
1+···+x
2
k)dx1 · · · dxk =
k∏
i=1
∫
x2pii e
−tx2i dxi
for pi with p1 + · · ·+ pk = p. Integrating by parts, we obtain∫ a
0
x2pii e
−tx2i dxi = − 1
2t
a2pi−1e−ta
2
+
2pi − 1
2t
∫ a
0
x2pi−2i e
−tx2i dxi
= · · · = o(e−ta2) + Ct−pi
∫ a
0
e−tx
2
i dxi = o(e
−ta2) + Ct−pit−1/2.
This proves the claim. 
Proposition 3.9. Let X be a compact Ka¨hler manifold and K be a compact Lie
group acting on X . The µ-volume functional Volλ is proper on k for any λ ∈ R.
Proof. It suffices to show Volλ(tξ) goes to +∞ as t tends to infinity. The Hamil-
tonian potential θξ is known to be a Morse-Bott function with only even indices
and coindices. In particular, θ−1ξ (c) is a connected submanifold for every c ∈ R (cf.
[MS]). As Volλ is independent of the choice of θξ, we can suppose max θξ = 0. Let
2k be the real codimension of θ−1ξ (0).
The volume functional can be written as
Volλ(ξ) = es¯
0
ξ
( ∫
X
exp(θξ −
∫
X
θξe
θξωn
/∫
X
eθξωn)ωn
)λ
.
Put f(ξ) :=
∫
X exp(θξ −
∫
X θξe
θξωn
/∫
X e
θξωn)ωn.
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Remember that we have
s¯0tξ/t =
∫
X
(s/t)etθξωn
/∫
X
etθξωn +
∫
X
¯θξe
tθξωn
/∫
X
etθξωn.
The first term converges to zero as t tends to infinity, as max |s/t| → 0 and
etθξωn/
∫
X
eθξωn is a probability measure. By the above lemma, the second term
converges to the integration of ¯θξ with respect to a non-zero finite measure sup-
ported on θ−1ξ (0). Since θξ is a Morse-Bott function, the Hessian at critical points
are non-degenerate to the normal direction, so that we obtain a strict positivity
of ¯θξ on maximal points and the convergence of s¯
0
tξ/t to a positive constant. It
follows that t−kλes¯
0
ξ goes to +∞ as t tends to infinity.
As for f(tξ), for any ǫ > 0, we have∫
X
etθξ−ǫ ≤
∫
X
et(θξ−
∫
X
θξe
tθξωn/
∫
X
etθξωn)ωn ≤
∫
X
etθξωn
for sufficiently large t. Here the right inequality follows by θξ ≤ 0 and the left
inequality follows by the following convergence rate:∫
X
θξe
tθξωn/
∫
X
etθξωn = o(t−1e−δt).
Now the claim follows by the convergence of tketθξωn to a non-zero measure. 
We obtain the last half of Theorem B.
Corollary 3.10. There exists a vector ξ ∈ k for which the µ-Futaki invariant Futξ
restricted to kc vanishes.
Remark 3.11. From Corollary 3.6 in the last subsection, we conclude that critical
points of Volλ are not unique for a Ka¨hler class [ω] with vanishing Futaki invariant
Fut = 0 and sufficiently large λ.
Proposition 3.12. The normalized µ-Futaki invariant Futλξ (ξ) goes to +∞ in the
order O(|ξ|) as |ξ| tends to infinity. In particular, the subset {ξ ∈ k | Futλξ (ξ) ≤ c}
is compact for each c ∈ R.
Proof. As Futλtξ(tξ) =
∫
X sˆ
λ
tξθtξe
θtξωn/
∫
X e
θtξωn and tkeθtξωn converges to a pos-
itive measure, it suffices to prove that tk−1
∫
X
sˆλtξθtξe
θtξωn converges to a positive
constant for any ξ ∈ k (k depends on ξ). Similarly as before, we can suppose
max θξ = 0. We can compute
tk−1
∫
X
sˆλtξθtξe
θtξωn = tk+1
∫
X
(s/t+ ¯θξ)θξe
θtξωn + tk
∫
X
¯θξe
θtξωn
− λtk+1
∫
X
θ2ξe
θtξωn − tk+1(s¯tξ/t− λβtξ/t)
∫
X
θξe
θtξωn.
By the above lemma, the third term and βtξ/t =
∫
X
θξe
tθξωn/
∫
X
etθξωn converges
to zero. Then the limit can be computed as the limit of∫
X
(s/t+ ¯θξ − s¯tξ/t)tk+1θξeθtξωn +
∫
X
¯θξt
keθtξωn.
Here the integrand s/t+¯θξ− s¯tξ/t uniformly converges to ¯θξ−
∫
Σ ¯θξd̟, where
d̟ is a probability measure on the critical manifold Σ := θ−1ξ (0) given by the limit
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etθξωn/
∫
X
etθξωn. So the limit is given by
−
∫
Σ
(¯θξ −
∫
Σ
¯θξd̟)dm
′
∞ +
∫
Σ
¯θξdm∞
for non-zero finite measures dm′∞, dm∞ on Σ. As ¯θξ satisfies
√−1∂¯(¯θξ) =
iξJRic(ω), ¯θξ is constant along each connected critical (complex) manifold. It
follows that ¯θξ is constant along the connected critical manifold Σ = θ
−1
ξ (0) and so
the integrand of the first term is identically zero. So the limit is
∫
Σ ¯θξdm∞, which
is strictly positive as θξ has a non-degenerate Hessian to the normal direction. 
Now we obtain the following expected result, which shows that critical points of
Volλ must converge to the origin as λ tends to −∞ as we observed in subsection
2.2.2.
Corollary 3.13. The set {ξ ∈ k | λξ ≤ 0} is compact, where λξ is a funcitonal
considered in section 2.2.
Proof. It follows from {ξ ∈ k | λξ ≤ 0} = {ξ ∈ k | Fut0ξ(ξ) ≤ 0}. 
We show partial evidences for the uniqueness of ξ minimizing Volλ.
Corollary 3.14. For each λ ≤ 0, there are only finitely many candidates of vectors
ξ for which a µλξ -cscK metric could exist.
Moreover, any such vector ξ is in the centralizer of k. In particular, Aut0ξ(X/Alb) ⊂
Aut0(X/Alb) is a maximal reductive subgroup if there exists a µλξ -cscK for some
λ ≤ 0.
Proof. The set κ of isolated local minimizers of Volλ with the non-degenerate Hes-
sians is a zero dimensional compact submanifold of k and thus consists of finitely
many points. As we saw in the last subsection, a vector ξ of a µλξ -cscK metric must
be an element of κ when λ ≤ 0. This proves the first claim.
For each g ∈ K, we have Futλg∗ξ(ζ) = Futλξ (g−1∗ ζ). It follows that K fixes the set
κ and thus κ must be in the centralizer of k. We can see the maximal reductiveness
of Aut0ξ(X/Alb) from Corollary 2.7 and by taking a maximal compact subgroup
K. We already know that the properly ∂¯-Hamiltonian vector ξ must be tangent
to the centralizer of a maximal compact subgroup K. (It is essential that µ-Futaki
invariant is defined on h0(X) rather than on h0,ξ(X) and vanishes on h0(X) rather
than on the complexification k′
c ⊂ h0(X) of the Lie algebra k′ of the isometry group
of the µλξ -cscK metric. It is a priori not evident that we can find a K-invariant µ
λ
ξ -
cscK for a maximal compact subgroup K ⊂ Aut0(X/Alb), however, the claim
indeed holds from this corollary and Corollary 2.7 as for λ ≤ 0. ) Therefore, the
subgroup Aut0ξ(X/Alb) contains the complexification of K, which is a maximal
reductive subgroup of Aut0(X/Alb). 
Corollary 3.15. Suppose the µ-volume functional Volλ[ω] with resepct to a Ka¨hler
class [ω] has a unique critical point (resp. a unique local minimizer). Then there
is a neighbourhood U of [ω] in the Ka¨hler cone and a positive constant ǫ > 0 such
that Volλ
′
[ω′] with respect to [ω
′] ∈ U and λ′ ∈ (λ − ǫ, λ + ǫ) has a unique critical
point (resp. a unique local minimizer).
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4. µK-energy and µK-stability
4.1. µK-energy functional. We introduce µK-energy functional and observe some
fundamental properties of it.
4.1.1. Space of Ka¨hler metrics and geodesics. Let ω be a Ka¨hler metric on a Ka¨hler
manifold X and ξ be a properly ∂¯-Hamiltonian vector field preserving ω. We denote
by Hω,ξ the space of ξ-invariant smooth Ka¨hler potentials with respect to ω and
H¨ω,ξ the space of ξ-invariant Ka¨hler metrics in the fixed cohomology class [ω].
Namely, we put
Hω,ξ := {φ ∈ C∞ξ (X ;R) | ω +
√−1∂∂¯φ > 0},(59)
H¨ω,ξ := {ωφ ∈ [ω] | ωφ = ω +
√−1∂∂¯φ > 0, ξφ = 0}.(60)
We consider the following Riemannian metric on H¨ω,ξ:
(61) (ψ1, ψ2)ξ =
∫
X
ψ1ψ2 e
θξ(φ)ωnφ ,
where we identify the tangent space TωφH¨ω,ξ with {ψ ∈ C∞ξ (X) |
∫
X
ψ eθξ(φ)ωnφ =
0}. This pairing is real-valued as ωφ is ξ-invariant.
A path in H¨ω,ξ corresponds to a path of ξ-invariant functions φt normalized as∫
X
φ˙te
θξ(φt)ωnφt = 0. The energy of a finite path {φt}t∈[a,b] with respect to the
Riemannian metric (·, ·)ξ is given by
E(φt) =
∫ b
a
∫
X
|φ˙t|2eθξ(φt)ωnφt .
A geodesic is by definition a critical point of the energy functional on the space of
paths with fixed initial and terminal points. Computing the first derivative of the
energy functional shows that geodesic paths precisely correspond to paths satisfying
the following equation
(62) d(φ¨t − |∂¯φ˙t|2gφt ) = 0
under the normalization
∫
X
φ˙te
θξ(φt)ωnφt = 0. As the equation does not change by
adding a constant function on X , we can find a geodesic φt by solving the equation
ϕ¨t − |∂¯ϕ˙t|2gϕt = 0
and putting φt := ϕt−
∫ t
0 dt
∫
X ϕ˙te
θξ(ϕt)ωnϕt . Note that the geodesic equation itself
does not depend on ξ, however, the normalization of paths does depend on ξ.
4.1.2. µK-energy. Define the µK-energy Mλξ on the space Hω,ξ of smooth Ka¨hler
potentials by
(63) Mλξ (φ) := −
∫ 1
0
dt
∫
X
sˆλξ (gφt)φ˙t e
θξ(φt)ωnφt ,
where φt is a path connecting 0 and φ, i.e. φ0 = 0 and φ1 = φ. It is independent
of the choice of the smooth path φt connecting 0 and φ. Indeed, let φt,0 and φt,1
26 EIJI INOUE
be two paths connecting 0 and φ and take an interpolating path φt,s of paths, then
we can calculate as
d
ds
∫ 1
0
dt
∫
X
sˆλξ (gt,s)
dφt,s
dt
eθ
t,s
ξ ωnt,s
=
∫ 1
0
dt
∫
X
(
(−Dθ∗t,sDt,s
dφt,s
ds
+ (∂¯♯s¯λξ (gt,s))
dφt,s
ds
)
dφt,s
dt
+ sˆλξ (gt,s)
d2φt,s
dsdt
− sˆλξ (gt,s)
dφt,s
dt
(¯gt,s − ξJ)
dφt,s
ds
)
eθ
t,s
ξ ωnt,s
=
∫ 1
0
dt
∫
X
(
− (Dt,s dφt,s
ds
,Dt,s dφt,s
dt
) + sˆλξ (gt,s)(
d2φt,s
dtds
− (∂¯ dφt,s
dt
, ∂¯
dφt,s
ds
))
)
eθ
t,s
ξ ωnt,s
=
∫ 1
0
dt
d
dt
∫
X
sˆλξ (gt,s)
dφt,s
ds
eθ
t,s
ξ ωnt,s
=
∫
X
sˆλξ (g1,s)
dφ1,s
ds
eθ
1,s
ξ ωn1,s −
∫
X
sˆλξ (g0,s)
dφ0,s
ds
eθ
0,s
ξ ωn0,s
= 0.
Here the third equality follows by the symmetry of the second expression with
respect to s and t and the last equality follows just by (d/ds)φ1,s = (d/ds)φ0,s = 0.
The µK-energyMλξ descends to the space of Ka¨hler metrics H¨ω,ξ and the critical
points of Mλξ precisely correspond to µλξ -cscK metrics.
In the proof of the finite dimensional Kempf-Ness theorem for a moment map
µ : X → k∗, we make use of the convexity of the Kempf-Ness functional k/kx → R to
prove that µ−1(0)∩ x.Kc = x.K, which is analytically analogous to the uniqueness
of (µ-)cscK in a given Ka¨hler class and geometrically corresponds to the injectivity
of the map to the GIT quotient µ−1(0)/K → Xss  Kc. In order to study the
uniqueness of µ-cscK in the same spirit of the Kempf-Ness theorem, we should
have the following result.
Proposition 4.1 (Convexity along smooth geodesics). The µK-energyMλξ is con-
vex along smooth geodesics.
Proof. For a smooth path φt in H¨ω,ξ, we compute
d2
dt2
Mλξ (φt) = −
d
dt
∫
X
sˆλξ (gφt)φ˙te
θξ(φt)ωnφt
= −
∫
X
(
− Dθ∗t Dtφ˙t + (∂♯sˆλξ (gφt))(φ˙t)
)
φ˙te
θξ(φt)ωnφt
−
∫
X
sˆλξ (gφt)φ¨te
θξ(φt)ωnφt +
∫
X
sˆλξ (gφt)φ˙t(¯t − ξ′)φ˙teθξ(φt)ωnφt
=
∫
X
|Dtφ˙t|2gteθξ(φt)ωnφt −
∫
X
sˆλξ (gφt)(φ¨t − |∂¯φ˙t|2gφt )e
θξ(φt)ωnφt .
It follows that for a smooth geodesic φt, we have
d2
dt2
Mλξ (φt) =
∫
X
|Dtφ˙t|2gteθξ(φt)ωnφt ≥ 0.

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4.1.3. Extension to C1,1-potentials. We show thatMλξ can be extended to the space
H1,1ω,ξ := {φ ∈ C1,1ξ (X) | ω +
√−1∂∂¯φ ≥ 0}
of C1,1-smooth sub-Ka¨hler potentials, which generalizes the result of [Chen2] known
as Chen-Tian’s formula.
It is known by [Chen] that for any two smooth Ka¨hler metrics there always exists
a unique connecting C1,1-smooth geodesic inH1,1ω,ξ, where one interprets the geodesic
equation as a solution of a Monge-Ampe`re equation on the complex manifold X ×
{a ≤ |z| ≤ b} with boundary. Using the C1,1-extension of the usual K-energy,
Berman and Berndtsson [BB] proves the uniqueness of cscK and extremal metrics.
Proposition 4.2. The µK-energy Mλξ can be expressed as follows.
Mλξ (φ) =
∫
X
log
eθξ(φ)ωnφ
eθξωn
eθξ(φ)ωnφ −
∫
X
ξJφ eθξ(φ)ωnφ
+
∫ 1
0
dt
∫
X
(¯gφt θξ(φt)− ¯gθξ)φ˙teθξ(φt)ωnφt
− n
∫ 1
0
dt
∫
X
φ˙te
θξ(φt)Ric(ω) ∧ ωn−1φt + s¯ξ
∫ 1
0
dt
∫
X
φ˙te
θξ(φt)ωnφt
+ λ
∫ 1
0
dt
(∫
X
θξ(φt)φ˙te
θξ(φt)ωnφt − βξ
∫
X
φ˙te
θξ(φt)ωnφt
)
.
=
∫
X
log
eθξ(φ)ωnφ
eθξωn
eθξ(φ)ωnφ −
∫
X
ξJφ eθξ(φ)ωnφ
(64)
+
∫ 1
0
dt
∫
X
ξJ φ˙te
θξ(φt)ωnφt +
∫ 1
0
dt
∫
X
|ξJ |2gφt φ˙te
θξ(φt)ωnφt −
∫ 1
0
dt
∫
X
(¯gθξ)φ˙te
θξ(φt)ωnφt
− n
∫ 1
0
dt
∫
X
φ˙te
θξ(φt)Ric(ω) ∧ ωn−1φt + s¯ξ
∫ 1
0
dt
∫
X
φ˙te
θξ(φt)ωnφt
+ λ
∫ 1
0
dt
(∫
X
θξ(φt)φ˙te
θξ(φt)ωnφt − βξ
∫
X
φ˙te
θξ(φt)ωnφt
)
Proof. Remember that
sˆλξ (gφt) = (s(gφt) + ¯φtθξ(φt)) + (¯φtθξ(φt)− ξJθξ(φt))− λθξ(φt)− (s¯ξ − λβξ).
Firstly, we calculate s(gφt) as follows.
s(gφt) = trgφt (
√−1∂¯∂ log detωφt)
= ¯φt log
ωnφt
ωn
+ trgφt (
√−1∂¯∂ log detω)
= (¯φt − ξJ ) log
ωnφt
ωn
+ ξJ log
ωnφt
ωn
+ trgφt (Ric(ω)).
We have
ξJ log
ωnφt
ωn
=
ωn
ωnφt
ξJ
(ωnφt
ωn
)
=
LξJ
(
ωnφt
ωn · ωn
)
ωnφt
− ω
n
φt
ωn
LξJω
n
ωnφt
= −¯gφtθξ(φt) + ¯gθξ
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for the second term of the last expression. As for the first term, we have∫
X
(
(¯φt − ξJ ) log
ωnφt
ωn
)
φ˙t e
θξ(φt)ωnφt =
∫
X
log
ωnφt
ωn
(
(¯φt − ξJ )φ˙t
)
eθξ(φt)ωnφt
= − d
dt
( ∫
X
log
ωnφt
ωn
eθξ(φt)ωnφt
)
−
∫
X
¯φt φ˙te
θξ(φt)ωnφt
= − d
dt
( ∫
X
log
ωnφt
ωn
eθξ(φt)ωnφt
)
−
∫
X
ξJ φ˙te
θξ(φt)ωnφt .
The second term of the last expression removes the following second term of the
minus of the µK-energy∫ 1
0
dt
∫
X
(¯φtθξ(φt)− ξJθξ(φt))φ˙t eθξ(φt)ωnφt
=
∫ 1
0
dt
∫
X
(∂¯θξ(φt), ∂¯φ˙t)gφt e
θξ(φt)ωnφt
=
∫ 1
0
dt
∫
X
ξJ φ˙t e
θξ(φt)ωnφt
Thus we have the following expression of the minus of the µK-energy:
−Mλξ (φ) = −
∫
X
log
ωnφt
ωn
eθξ(φt)ωnφt
+
∫ 1
0
dt
∫
X
(
− ¯gφt θξ + ¯gθξ + trgφt (Ric(ω))
)
φ˙t e
θξ(φt)ωnφt
− s¯ξ
∫ 1
0
dt
∫
X
φ˙t e
θξ(φt)ωnφt
− λ
∫ 1
0
dt
( ∫
X
θξ(φt)φ˙te
θξ(φt)ωnφt − βξ
∫
X
φ˙te
θξ(φt)ωnφt
)
.
Then the first expression of the µK-energy follows from trgφt (Ric(ω))ω
n
φt
= nRic(ω)∧
ωn−1φt . The second expression follows by
0 =
∫
X
LξJ
(
ϕeθξ(φt)ωnφt
)
=
∫
X
ξJϕeθξ(φt)ωnφt +
∫
X
(ξJθξ(φt))ϕe
θξ(φt)ωnφt −
∫
X
¯gφt
θξ(φt)ϕe
θξ(φt)ωnφt .

The first term in the above expression is known as the entropy
Hµ(ν) =
∫
X
dν
dµ
log
(dν
dµ
)
dµ
for the probability measures ν = 1Vξ e
θξ(φ)ωnφ , µ =
1
Vξ
eθξωn. Here, for general prob-
ability measures, dν/dµ denotes the Radon-Nykodim derivative, which is a mea-
surable function, and the value of the function (dν/dµ) log(dν/dµ) is defined to
be zero on which dν/dµ is zero. The total mass Vξ =
∫
X e
θξωn =
∫
X e
θξ(φ)ωnφ is
independent of the choice of φ as the Duistermaat-Heckman measure is an invariant
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of [ω + µ]. Applying the Jensen’s inequality with respect to the convex function
φ(t) = t log t on [0,∞), we get∫
X
dν
dµ
log
(dν
dµ
)
dµ ≥ φ
( ∫
X
dν
dµ
dµ
)
= φ(1) = 0.
For any C1,1-smooth path of C1,1-smooth sub-Ka¨hler potentials φ˙t, the current
ωφt is just a differential form with L
∞-coefficients, θξ(φt) is a Lipschitz function
and the integrands ξJ φ˙t, (ξ
Jθξ(φt))φ˙t, . . . in the second expression (64) are all L
∞-
functions, while ¯gφt θξ(φt) in the first expression is not even integrable. As for
¯gθξ and Ric(ω), they are constructed from the fixed smooth metric ω, so are
smooth. Thus we obtain the following corollary.
Corollary 4.3 (Extension to the space of C1,1-smooth sub-Ka¨hler potentials).
The µK-energy Mλξ can be uniquely extended to the space H1,1ω,ξ of C1,1-smooth
sub-Ka¨hler potentials so that Mλξ −Hξ is continuous, where Hξ is the lower-semi
continuous function
Hξ(φ) =
∫
X
log
eθξ(φ)ωnφ
eθξωn
eθξ(φ)ωnφ .
4.2. A prelude to µK-stability. In this section, we discuss on ‘µK-stability’
which should fit into the existence problem on µ-cscK metrics.
For a geodesic ray φ : [0,∞)→ H1,1ω,ξ, we put
Mλ,NAξ (φ) := lim inft→∞
Mλξ (φt)
t
,
which might take the value ∞ for a general geodesic.
For a vector ζ ∈ h0(X), the following path φt gives a smooth geodesic:
√−1∂∂¯φt = f∗t ω − ω,
∫
X
φ˙te
θξ(φt)(f∗t ω)
n = 0,
where ft is the one parameter subgroup generated by the vector field Jζ. Then
Mλ,NAξ (φ) calculates the µ-Fuatki invariant Fut
λ
ξ (ζ) (cf. [Lah, Theorem 7]).
If the µK-energy is bounded from below, then we must haveMλ,NAξ (φ) ≥ 0. The
most naive and pretty analytic formulation of µK-stability is that we call a quadru-
ple (X, [ω], ξ, λ) µK-semistable (with respect to geodesics) if we haveMλ,NAξ (φ) ≥ 0
for all geodesics φ and call it µK-polystable (with respect to geodesics) if it is
µK-semistable and we have Mλ,NAξ (φ) = 0 iff φ is a geodesic given by a vector
ζ ∈ h0(X). Then we conjecture there exists a µλξ -cscK metric in the Ka¨hler class
[ω] if and only if the quadruple (X, [ω], ξ, λ) is µK-polystable.
Of course, it is desirable that we can refine this µK-stability to fit into a more
algebraic formalism. Namely, we should
• exhibit Mλ,NAξ (φ) for a geodesic φ associated to a test configuration by an
equivariant intersection formula using the equivariant polarization and the
equivariant canonical Q-line bundle on the test configuration.
• detect the vector ξ by a torus action in order to formulate a sensible notion
of families of µK-semistable varieties which has a separation property.
If we can prove the uniqueness of the local minimizers of Volλ when λ ≤ 0, it
deduces the above second item. If this is the case, we can formulate the µλK-
stability for a polarized manifold (X, [ω]) with a torus action by using the local
30 EIJI INOUE
minimizer ξ of Volλ. It is interesting to ask if there is a wall-crossing phenomena,
namely, if µλK-stability of (X, [ω]) with a torus action jumps at some λ ≤ 0.
5. Openness of Ka¨hler class and λ admitting µ-cscK
5.1. Regularity. We firstly check an elliptic regularity for constant µ-scalar cur-
vature Ka¨hler metric. Remember that the µ-scalar curvature of a Ka¨hler metric
ωφ = ω +
√−1∂∂¯φ can be written as
sξ(ωφ) = (¯φ − ξJ)
(
log(eθξ(φ) det(gkl¯ + φkl¯))
)
+
n∑
i=1
∂iξ
i.
Using this, the equation of constant µ-scalar curvature
sξ(ω +
√−1∂∂¯φ)− λθξ(φ) = s¯ξ − λθ¯ξ
reduces to the following coupled equation
(65)
F = log
eθξ(φ) det(gkl¯+φkl¯)
eθξ det gkl¯
(¯φ − ξJ )F = s¯ξ − λθ¯ξ + λθξ(φ)− (¯φ − ξJ ) log(eθξ det g) +
∑n
i=1 ∂iξ
i.
Take a C∞-smooth initial Ka¨hler metric ω and a C2,α-smooth function φ so that
ωφ = ω +
√−1∂∂¯φ is a C0,α-smooth Ka¨hler metric. Then θξ(φ) = θξ − ξJφ is a
C1,α-smooth function and the equation (65) makes sense for a C2-smooth function
F .
Suppose F ∈ C2 satisfies the equation (65). By differentiating the first equation
in (65), we obtain a local equation
(66) ¯φ(∂iφ) = ∂iF − ∂i(ξJφ)− gkl¯φ (∂igkl¯) + gkl¯(∂igkl¯).
Since the right hand side of this equation is C0,α-smooth and the elliptic operator
¯φ has C
0,α-coefficients, the elliptic regularity shows that ∂iφ should be C
2,α-
smooth. By taking all the derivative ∂i, we obtain the C
3,α-smoothness of φ. Then
the right hand side of the second equation in (65) becomes C1,α-smooth and the
elliptic operator ¯φ− ξJ has C1,α-coefficients, so again the elliptic regularity shows
that F is actually C3,α-smooth. Now the bootstrapping argument shows that the
function φ and F must be C∞-smooth functions.
5.2. Perturbation. Let ω be a µλξ -cscK metric on a compact Ka¨hler manifold
X . Then by Corollary 2.7, the metric ω is preserved by some maximal closed
torus T ⊂ Aut0ξ(X/Alb) containing the torus generated by ξ, whose centralizer in
Aut0(X/Alb) is nothing but the complexification T c. We denote by H1,1(X,R) the
space of harmonic real (1, 1)-form with respect to ∆g = d
∗d+dd∗, i.e. H1,1(X,R) =
{α ∈ Ω1,1(X,R) | ∆gα = 0}, which is isomorphic to H1,1(X,R) by the projection.
Let U ⊂ H1,1(X,R) × Ck+4,αξ (X,R)T be an open neighbourhood of the origin on
which we have ω + α+
√−1∂∂¯φ > 0, where Ck+4,αξ (X,R)T denotes the space
{f ∈ Ck+4,α(X,R) |
∫
X
feθξωn = 0, f is T -invariant }.
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Consider a map S λξ : t× U → Ck,αξ (X,R)T defined by
S
λ
ξ (ζ, α, φ) = sˆ
λ
ξ+ζ(ω + α+
√−1∂∂¯φ)(67)
= (s(gα,φ) + ¯gα,φθ
α,φ
ξ+ζ)
+ (¯gα,φθ
α,φ
ξ+ζ − (ξ + ζ)Jθα,φξ+ζ)− λθα,φξ+ζ − s¯λξ+ζ([ω + α]),
where gα,ψ is the Ka¨hler metric associated to ωα,φ = ω + α +
√−1∂∂¯φ, θα,φξ :=
θξ+ζ+(ξ+ζ)
Jφ−¯−1g trω(L(ξ+ζ)Jα) is a real-valued function satisfying
√−1∂¯θα,φξ =
iξJωα,φ.
The linearization of this map at (0, 0, 0) ∈ t× U is given by
(ζ, 0, 0) 7→ 2(¯− ξJ )θζ − λθζ − Futλξ (ζ) + λ
∫
X
θζe
θξ
/∫
X
eθξωn,(68)
(0, α, 0) 7→ −(α,Ric(ω)−√−1∂θξ ∧ ∂¯θξ) + λ¯−1(trω(LξJα)) + const,(69)
(0, 0, φ) 7→ −Dθ∗Dφ+ (∂¯♯sˆλξ (ω))(φ).(70)
Here (69) is computed as follows. The explicit computation shows
d
dt
∣∣∣
t=0
S
λ
ξ (0, tα, 0) = −(α,Ric(ω)) + ¯trωα+ (α,
√−1∂∂¯θξ)− trω(LξJα)
+ (α,
√−1∂∂¯θξ)− trω(LξJα)− α(ξJ , ξ¯J ) + λ¯−1(trω(LξJα)).
By using ξJ(trωα) = −(α,
√−1∂∂¯θξ)+trω(LξJα) and that trωα is constant thanks
to the harmonicity, we obtain (69).
Now we show Theorem E, which provides many examples of non-trivial µ-cscK
metrics.
Theorem 5.1. Let ω be a µ-cscK metric on a compact Ka¨hler manifold with
respect to ξ and λ ∈ R. Suppose we have λ < 2λ1 for the first eigenvalue λ1 of
¯− ξJ with respect to the µ-cscK metric ω. Then there exists a neighbourhood U
of [ω] in the Ka¨hler cone and a positive constant ǫ > 0 such that for any [ω′0] and
λ′ ∈ (λ− ǫ, λ+ ǫ) there exists a µ-cscK metric ω′ in the Ka¨hler class [ω′0] ∈ U with
respect to some ξ′ and the constant λ′. In this case, we also know that ξ′ is a local
minimizer of Volλ
′
[ω′].
Proof. Note that the cokernel of the operator φ 7→ d0S λξ (0, 0, φ) = −Dθ∗Dφ is
given by
{ψ ∈ Ck,αξ (X,R)T |
∫
X
(Dθ∗Dφ)ψeθξωn = 0 for all φ ∈ Ck+4,αξ (X,R)T }
= {ψ ∈ Ck,αξ (X,R)T | Dψ = 0} = t
as T is maximal. For each element θζ in the cokernel, which is normalized as∫
X
θζe
θξωn = 0, we have∫
X
(d0S
λ
ξ (ζ, 0, 0))θζe
θξωn =
∫
X
(2|∂¯θζ |2 − λθ2ζ )eθξωn > 0
by our assumption λ < 2λ1 and the Poincare inequality. It follows that the deriv-
ative d0S
λ
ξ is surjective Fredholm operator (as t and H1,1(X,R) are finite dimen-
sional). Applying the implicit function theorem, we obtain the claim. 
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Remark 5.2. As a cscK metric ω is a µλ0 -cscK metric for every λ ∈ R, we in
particular obtain for each λ ≤ 0 a µλξ -cscK metric in every Ka¨hler class [ω′] in
a neighbourhood Uλ of [ω]. The µ
λ
ξ -cscK metric is not a cscK metric iff [ω
′] has
non-trivial Futaki invariant Fut[ω′] 6= 0.
It is proved in [LS] that there is also a neighbourhood U−∞ of [ω] such that
[ω′] admits an extremal metric. So there exists a Ka¨hler class admitting both non-
trivial extremal metric and µλξ -cscK for each λ ≤ 0. It makes sense to ask if we can
take a uniform neighbourhood U of [ω] so that there exists both an extremal metric
and µλ-cscK for every λ ≤ 0. If this is the case, we are also interested whether the
µλ-cscK metrics converge to the extremal metric as λ tends to −∞.
Question 5.3. Suppose a Ka¨hler class [ω] admits a µλξ -cscK metric ωλ. For each
λ′ ∈ (−∞, λ], can we find a constant µλ′ξ′ -scalar curvature Ka¨hler metric ωλ′ for
some ξ′? More importantly, can we find a µ0-cscK metric in the Ka¨hler calss
2πc1(X) on any Fano manifold admitting Ka¨hler-Ricci soliton?
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